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Nomenclature
CP = specific heat
Dh = hydraulic diameter, = 2 (R0 - Rf)
G = (1 - K2)l/n. (UK)
H = (1 - £4)/(l - K2)
h = convective heat transfer coefficient
K = ratio of the inner radius to the outer radius of the

annulus, = Ri/R0
k = thermal conductivity of the fluid
Nu = Nusselt number, = h Dhlk
P+ = dimensionless pressure, = (P — PeVp wlm
P = pressure
Pr = Prandtl number, = p Cplk
Re{ = injection radial Reynolds number at the inner wall,

= R, vjv
Re0 = injection radial Reynolds number at the outer wall,

= RO Vo/V
Ri = inner radius of the annulus
R0 = outer radius of the annulus
r = radial direction
r+ — dimensionless radial distance, = rlR0
T = temperature
v = radial component of velocity
v+ = dimensionless radial velocity, = R0 vlv
W+ = dimensionless axial velocity based on the local

mean velocity, = H>+/H>+
w = axial component of velocity
wem = mean value of fully developed velocity profile at

entrance to heated length
w+ = dimensionless axial velocity, = w/wem
z = axial direction
z+ = dimensionless axial distance, = vzIRl wem
6f = dimensionless temperature, = (T - Te)l

(7i- T.)
Smi — dimensionless mean temperature
IJL = absolute viscosity
v = kinematic viscosity
p = density

Subscripts
e = entrance to the annulus
/ = inner wall
/ = dummy subscript: o, i
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m = mixed mean
o = outer wall

Superscript
+ = dimensionless variable

Introduction

T HIS Note is a continuation of an effort to study the
convective heat transfer in annular porous passages.1 The

subject of fluid flow in annuli with blowing and suction at the
walls has received attention recently because of applications
of the concentric annular heat pipe.2'3 The numerical solutions
by Faghri1 were obtained using finite difference methods for
thermally and hydrodynamically developing laminar flow in
annular passages with blowing and suction at the walls. In the
present study, the thermal-entry-length heat transfer char-
acteristics of annuli with blowing at the walls have been ap-
proximated by using the fully developed axial and radial ve-
locity profiles that were obtained analytically and used in a
simple numerical scheme to solve the energy equation. An
equation for the pressure drop in annuli with blowing or im-
permeable walls is also derived by solving the axial momentum
equation with the fully developed axial and radial velocity
profiles.

Analysis
The nondimensional equations associated with the flow in

an annulus with uniformly porous walls are the continuity,
momentum, and energy equations, as presented for the case
of a constant-property, laminar, incompressible, steady flow
with no transverse pressure gradient or longitudinal diffusion:

dr+ (1)

+ V*

dz

aw4

dr+ dr+

J_
Pr dr+2

The hydrodynamic boundary conditions with a fully devel-
oped velocity profile at the entrance to the heated length are

w+
2[1 - r+2 + G /„(

r + ) ~ (H- G)
h , K) = w+ (z + , 1) = 0

,,x *'/

v+ (z + ,l) = Re0

P+ (0, r+) = 0

where Re, > 0 and Re0 < 0 are the injection radial Reynolds
numbers at the inner and outer walls, respectively. Ref = Re0
= 0 corresponds to an impermeable wall. The fully developed
entrance velocity profile was analytically derived for annuli
with impermeable walls.4

Consider the general thermal boundary condition set that
corresponds to a step temperature increase or decrease at the
inner and outer walls:

T = Te everywhere for z+ < 0 (4a)

T = T, r+ = K, z+ > 0 (4b)

T = T,, r4 = 1, z+ >0 (4c)
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Let B0 be the solution to Eq. (3) in which the outer wall
experiences a step temperature and the inner wall remains at
the inlet temperature:

0o = o everywhere for z+ < 0 and

r+ = K, z+ > 0 (5a)

00 = 1 r+ = 1, z+ > 0 (5b)

Similarly, let 0, be the solution to Eq. (3) in which the inner
wall undergoes a step temperature and the outer wall remains
at the inlet temperature:

0, = 0 everywhere for z+ < 0 and

r+ = 1, z+ > 0 (6a)

0. = i r+ = #, z+ > 0 (6b)

The solution of Eq. (3) satisfying the general thermal bound-
ary conditions (4) using Eqs. (5) and (6) is

T(r+, z+) = (T0-'T.)eo(r+,z+) + (tt - Te)

Bt (r+, z+) + Te (7)

With prescribed inner and outer wall temperatures, the Nus-
selt numbers for the inner and outer walls based on the hy-
draulic diameter are defined in terms of the dimensionless
wall heat fluxes by the following relations:

2(1 -
- em

Nuio
2(1 ~

(8)

(9)

Nuoi =
"mi

NUn = (H)

where

v"" (1 - K2) w<

represents, in effect, the dimensionless mixed-mean temper-
ature. In Eqs. (8-11), the first subscript on the Nusselt num-
bers refers to the wall at which the heat flux is evaluated and
the second subscript refers to the wall that is being heated.
For example, Nuto refers to the Nusselt number at the inner
wall when the outer wall is being heated. The Nusselt numbers
of the general case corresponding to boundary conditions (4)
are

(T0 - Te) (1 - -Q Nu00 - (r, - Te) Smi Nuoi
(T0 - Te)(\ - 6mo) - (T, - T,)0W/

(12)

Nut = (T0 - Te) Smo Nuio - (T, - Tf) (1 - Omi) Nuu
(T0- Te)8mo- (Tt- Te)(\ - 0,m.)

(13)

The dimensionless conservation of mass equation (1) can
be solved for the dimensionless radial velocity by integrating
with respect to r f :

(14)

Faghri1 found that the vapor flow in annuli with blowing
becomes fully developed in a very short distance from the
entrance, after which the dimensionless axial velocity profile
based on the local mean axial velocity, W+ = w+/w + , be-
comes similar to the case of impermeable walls. Therefore,
the dimensionless axial velocity profile for impermeable walls
can be found analytically and used with the appropriate mean
axial velocity to determine the axial velocity profile in an
annulus with porous walls. The dimensionless axial velocity
for fully developed flow in an annulus with impermeable walls
is

2 1 - r+2 + G *('+
W + (H-G)

The local mean axial velocity at any point along the length
of the pipe can be found by a global mass balance:

= 1 + 2z+(Ret-.Re0)
(1 - K*) (16)

Substituting Eqs. (15) and (16) into Eq. (14) and integrating
results in an expression for the radial velocity in the fully
developed region

+ = Re,• _ 4(Ret - Re0)
V r+ r+ (1 - K2) (H - G) [ 2

Gr+2 _ K*_ K^_
4 2 4

GK2
[2 (17)

Equations (15-17) were used to analytically solve the con-
servation of momentum Equation (2) for the pressure drop
along the annulus with porous walls in the hydrodynamically
fully developed region. The conservation of momentum equa-
tion is integrated as follows:

K2

2 = \r
dw

fl ( dw+ dw + ^
- r+ \w+ —- + v+ —-JA: dz+ dr+

dr4

The dimensionless pressure in the fully developed region is
given by

P+ = 4 [ ( K 2 - 1 - L - I)/(K2 - 1)]

(18)

where

L — 4 (Ret - Re0)
(1 - K2) (H - G)

6 8

r «-- GK-

4 2 2
GK' GK*

J = 2/(H - G)
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Fig. 1 Ndndimensional pressure distribution along the annulus for
different K values.
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Fig. 3 Inner wall Nusselt number variation along the annulus for
different K values.

Table 1 Dimensionless axial length z+ at which dimensionless
pressure P+ from present solution is within 3% of the numerical

solution by Faghri1

K = 0.1 K = 0.5 K = 0.8

0.0
1.0
3.0
6.0

0.775
0.294
0.196
0.195

0.200
0.115
0.060
0.036

0.0336
0.0263
0.0187
0.0139
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Fig. 2 Outer wall Nusselt number variation along the annulus for
different K values.

Equations (15-17) were also employed to solve the energy
equation using the simplified Gaussian elimination proce-
dure.1 The heat transfer results in the hydrodynamically fully
developed region for K = 0.1, 0.5, and 0.8 with Ret = 3.0,
Re0 = -3.0, and Pr = 0.7 are presented in Figs. 2 and 3
along with the results for the combined thermal and hydro-
dynamic entry lengths.1 For K = 0.5 and 0.8, the results
coincide in the fully developed region and also predict the
heat transfer in the thermal entry region with surprizing ac-
curacy (<2% error), compared to the results for the combined
thermal and hydrodynamic entry length. This is due to the
fact that as K —» 1 the flow becomes hydrodynamically fully
developed very close to the entrance of the annulus. There-
fore, the difference in the heat transfer due to the fully de-
veloped profile and the uniform profile is not significant in
the thermal entry region. For K = 0.1, the results obtained
by using the fully developed velocity profiles are within 22%
of the results for the combined thermal and hydrodynamic
entry length in the thermally fully developed region. Since
the solution of the thermal entry length with fully developed
flow is much simpler than that with the combined hydrody-
namic and thermal entry, the fully developed axial and radial
velocities presented here can be used to approximate the heat
transfer in annuli with blowing at the walls in the thermal
entry and thermally fully developed regions. Also, the pres-
sure drop can be predicted in the hydrodynamically fully de-
veloped region by using Eq. (18) without numerically solving
the nonlinear governing equations with different blowing
specifications at each wall, as was done by Faghri.1

The dimensionless pressure distribution given by Eq. (18)
is shown in Fig. 1 for radial Reynolds numbers of Ret = 3.0
and Re0 = -3.0 and K values of 0.1, 0.5, and 0.8. The
numerical results given by Faghri1 for the dimensionless pres-
sure distribution in the hydrodynamically developing region
are also shown for comparison. It can be seen that the agree-
ment is excellent past certain values of z+ that are dependent
on the radial Reynolds numbers \Re{\ = \Re0\ and the radius
ratio K. Values of z+ where the present solution of the di-
mensionless pressure is within 3% of the exact numerical
results reported by Faghri1 is given in Table 1 for different
values of |/tef.| = \Re0\ and K.
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